In the paper, we investigate the least energy sign-changing solution and the ground state solution of a class of (p, q)-Laplacian equations with nonlocal terms on R N . Applying the constraint variational method, the quantitative deformation lemma, and topological degree theory, we see that the equation has one least energy sign-changing solution u. Moreover, we regard c, d as parameters and give a convergence property of such a solution u c,d as (c, d) → 0. Finally, using the Lagrange multiplier method, we obtain a ground state solution of the equation and show that the energy of u is strictly larger than two times the ground state energy.
Introduction
In this paper, we discuss the existence of a least energy sign-changing solution and a ground state solution of the following equation: [] the authors considered the case  < q < p < N , but there h, g are positive constants. In [, ], the nonlinearity f (x, s) was suitably controlled by the variable s as s →  and also as |s| → ∞, uniformly with respect to the variable x. In [], the authors discussed the case that  < q < p < q * , p < N with h, g continuous, positive, and coercive functions on R N and f (x, s) a Carathéodory function satisfying some conditions. To the best of our knowledge, there is little work researching the sign-changing solution and the ground state of the (p, q)-Laplacian equations (.). Recently, Shuai in [] discussed the following Kirchhoff type problem:
Motivated by [] , we investigate the sign-changing solution and the ground state solution of (p, q)-Laplacian equation with nonlocal terms. In general, the working space to study (p, q)-Laplacian problems in a bounded domain is W ,p  ( ), by taking advantage of the compact embedding W
When the domain is the whole R N , Sobolev's embedding loses compactness. In order to overcome these difficulties, various methods have been developed. The radically symmetric Sobolev spaces have been applied to (.) (see [, ] ), and the concentrationcompactness principle or the constrained minimization method has been used to find
In this paper, we intend to choose an appropriate approach by taking into account the Banach space,
We recall that the space D ,m (R N ) is a reflexive Banach space which is characterized by (see [] )
We take h, g as continuous, coercive, and positive functions on R N and define normed
with norms 
Now we can define our working space W :
endowed with the norm
Then it is easy to see that W is a reflexive Banach space and the embedding
For brevity, we omit the integral domain R N when no confusion arises hereafter.
We assume that f ∈ C  (R, R) satisfies the following hypotheses:
Then the functional I is well defined on W and belongs to C  (W , R). Moreover, for any u, ϕ ∈ W , we have
A critical point of I corresponds to a solution of (.). Furthermore, if u ∈ W is a solution of (.) with u ± = , then u is a sign-changing solution of (.), where
Obviously, the energy functional I  : W → R of (.) is given by
For u ∈ W ,
, for the functional I given by (.) it is apparent that
Clearly, the functional I does no longer satisfy (.), since it contains two nonlocal terms. Hence, there may be some differences in investigating the sign-changing solution of equation (.) between c, d >  and c = d = . In order to obtain a sign-changing solution of equation (.), we try to seek a minimizer of the functional I over the following constraint:
Then we show that the minimizer is indeed a sign-changing solution of (.). As we have mentioned before, the functional I no longer satisfies the properties (.), so it is more difficult to prove that M = ∅. Actually, we will obtain M = ∅ by using the Brouwer fixed point theorem, which is different from the approach in [] . In order to get the ground state solution of equation (.), let
and consider the ground state energỹ
Now, we state our main results. 
Theorem . Suppose the assumptions
where is a bounded domain in R N , h, g are continuous and non-negative functions, Both the conclusions of (.) and of (.) are true when p = q, i.e., these results are true for a single p-Laplacian equation with nonlocal term.
The paper is organized as follows. In Section , we prove several lemmas, which are important to prove our main results. In Section , we first show that the minimizer of the constrained problem (.) is a sign-changing solution. Then we prove the convergence property of solutions of (.). Finally, we prove the existence of the ground state solution and give the energy comparison.
Throughout this paper, C and C k denote various positive constants, which may vary from line to line.
Preliminaries
We use constraint minimization on M to seek a critical point of I. We begin this section by doing some preparation work.
|s| p +|t| p = ∞.
Proof (i) By the conditions (f  ) and (f  ), for any given ε > , there exists C ε >  such that
By the condition (f  ), we have, for each η ∈ R,
Thus, by (.), (.) and the Lebesgue dominated convergence theorem, the conclusion (i) holds.
(ii) By the conditions (f  ) and (f  ), we have
It follows from (.) that, for any given M  > , there exists R  >  such that
By the condition (f  ), we have
Then there exists C M  >  such that
It follows from (.) and (.) that
Then, by the arbitrariness of M  , the conclusion (ii) is true.
(iii) By the condition (f  ), for any given M  > , there exists R  >  such that
Then there exists C M  >  such that
It follows from (.) and (.) that
Then it follows from (.) that
Thus, by the arbitrariness of M  , the conclusion (iii) is also true.
(iv) For convenience, we denote functions ψ  (s) = F(su
Because of (.) and the continuity of ψ  , ψ  , there exists C >  such that
By (iii), for any given M > , there exists R >  such that
We may suppose that |s| ≥ |t|, so that |s| ≥ R. Combining with (.) and (.), we have
Then we have
Therefore, it follows from (.) that (iv) holds.
Remark . By the condition (f  ), for each η ∈ R \ {}, we see that f (sη)η/|s| p- is increasing on (-∞, ) and (, ∞), respectively. Therefore, for each u ∈ W with u = , we see that
Now we start to check that the set M is nonempty. For each u ∈ W with u ± = , for convenience, we denote the positive numbers
Proof For any given u ∈ W with u ± = , we define a function u :
For s, t > , since
we have su + + tu -∈ M if and only if (s, t) is a critical point of u . Next we will prove the existence of a critical point of u . For any given t  ∈ R + , we have, for s > ,
Since u + = , it follows from (.) and Lemma .
But according to Remark ., the right side of (.) is negative and (.) is absurd. Therefore there exists a unique
, where s(t) satisfies the properties just mentioned previously, with t in the place of t  . By definition, we have
We will prove some properties of the function ϕ  .
(a  ) ϕ  has a positive lower bound. In fact, suppose there exists {t n } ⊂ R + such that ϕ  (t n ) → . Then, by (.) and Lemma .(i), we have
This is absurd. Thus there exists
In fact, let t n → t  in R + . We firstly prove that {ϕ  (t n )} is bounded. Suppose, by contradiction, that there is a subsequence
Letting k → ∞ in (.), according to Lemma .(ii), we have a contradiction cA ,u = ∞. Thus, {ϕ  (t n )} is bounded. For any subsequence {ϕ  (t n )} of {ϕ  (t n )}, since {ϕ  (t n )} is bounded, there exists a subsequence {ϕ  (t n )} of {ϕ  (t n )} such that ϕ  (t n ) → s  and it follows from (a  ) that s  > . Passing to the limit as n → ∞ in (.) with t = t n , we get
Thus (.) and (.) imply
Consequently, by the uniqueness,
In fact, if there exists a sequence {t n } with t n → ∞ such that ϕ  (t n ) > t n for all n ∈ N, then ϕ  (t n ) → ∞ and it follows from (.) that ∞ ≤ cA ,u + cA ,u . This is a contradiction. Thus ϕ  (t) ≤ t for t large.
Similarly, for each s ∈ R + , we consider the function u (s, ·) and consequently, we can define a map ϕ  : R + → (, ∞) which satisfies
and it also satisfies (a  ), (a  ), and (a  ) above. Now we prove the existence of a critical point of u by the Brouwer fixed point theorem. By (a  ), there exists C  >  such that ϕ  (t) ≤ t for all t > C  and ϕ  (s) ≤ s for all s > C  . Let
Note that T is continuous. Then, by the Brouwer fixed point theorem, there exists
By the definition we have
Thus, (s u , t u ) is a critical point of u . Now we prove the uniqueness of (s u , t u ). In fact, considering w ∈ M we have
which implies that (, ) is a critical point of w . Now we prove that (, ) is the unique critical point of w with positive coordinates. In fact, we may suppose that (s  , t  ) is also a critical point of w with  < t  ≤ s  . Then it follows from (.) and (.) that
From (.) and t  ≤ s  , we have
On the other hand, since w ∈ M, we have
Hence, from (.) and (.), we get
From the above inequality and Remark . we conclude that s  ≤  and then  < t  ≤ s  ≤ . Now we prove that t  ≥ . In fact, from (.) and  < t  ≤ s  , we have
On the other hand, since w ∈ M, we get
Now from (.) and (.), we obtain
By Remark ., we conclude that t  ≥ . Consequently, t  = s  = , this shows that (, ) is the unique critical point of w with positive coordinates. Now we assume that u ∈ W with u ± =  and (s  , t  ), (s  , t  ) are both critical points with positive coordinates for the map u . Then
Therefore,
Since w  ∈ M and (
) is a critical point of the map w  with positive coordinates, by the uniqueness we have
which implies that (s  , t  ) = (s  , t  ). 
Lemma . For a fixed u ∈ W with u
F(su + ) + F(tu -) s p + t p .
It is clear that  (s, t),  (s, t) →  as |(s, t)| → ∞ and  (s, t) is bounded. Then, by Lemma .(iv), we deduce that u (s, t) → -∞ as |(s, t)| → ∞.
So it is sufficient to check that a maximum point cannot be obtained on the boundary of R + × R + . Without loss of generality, we may assume that (,t) is a maximum point of u . Similar to (.), we can get ∂ ∂s u (s,t) >  for s small. Then u (s,t) is an increasing function with respect to s if s is small enough, the pair (,t) is not a maximum point of u in R + × R + . The assumption I (u), u + ≤  gives
Combining (.) and (.), we get
If s u > , then the left side of this inequality is negative. But by Remark ., the right side is positive, thus we must have s u ≤ . Then the proof is completed.
From Lemma . and M ⊂ N , we know that N is nonempty and m,m is well defined. Now we prove the following lemma.
Lemma . Assume that (f  )-(f  ) hold. If v ∈ W with v = , then there is a unique s v
Proof For fixed v ∈ W with v =  and s ∈ (, ∞), sv ∈ N if and only if I (sv), sv = , where
Since v = , it follows from (.) and Lemma . (i) that I (sv), sv >  for s >  small. On the other hand, it follows from (.) and Lemma .(ii) that I (sv), sv <  for s >  large. 
Similar to (.), it is absurd in view of Remark ..
Now we claim that s v ∈ (, ]. It follows from (.) that
Combining (.) and (.), we have
According 
Hence, for some ε >  small, by the continuous embedding of
For every u ∈ M, we have I (u), u ± = , that is,
Hence, for some ε >  small, it follows from (.), (.), (.), and (.) that
So, by (.), there exists a constant α > , which is not dependent on c, d, such that
By the condition (f  ) and f ∈ C  (R, R), we have
By (.), we have
This implies thatm ≥ α p /(p).
(ii) Let {v n } ⊂ N such that I(v n ) →m. Then it follows from (.) that {v n } is bounded in W and there exists v ∈ W such that v n v in W . Let {u n } ⊂ M ⊂ N such that I(u n ) → m. Then it follows from (.) that {u n } is bounded in W and there exists u ∈ W such that u ± n u ± in W (see Lemma A.).
Since v n ∈ N , u n ∈ M, it follows from (.) that
Using the boundedness of {w n }, there is C  >  such that
Choosing ε = α p /(C  ), we get
where C  = C ε . By the compactness of the embedding W → L r (R N ), we get
Thus w = . Equations (.) and (.) combined with the Lebesgue dominated convergence theorem give
(iii) By the weak lower semi-continuity of the norm, we have
Then from (.) we get 
We then deduce that s v = . Thus,v = v and I(v) =m.
(iv) By the weak lower semi-continuity of the norm, we have
Then from (.) we get
From (.) and Lemma ., there exists (
Note that G(s) = f (s)s -pF(s) is a non-negative function, increasing on [, ∞) and decreasing on (-∞, ]. Then we have
We then deduce that s u = t u = . Thus,ū = u and I(u) = m.
Proof of the main results
The purpose of this section is to prove our main results. We start to prove that the minimizer u for the minimization problem (.) is indeed a sign-changing solution of (.), that is, I (u) = .
Proof of Theorem . Using the quantitative deformation lemma and topological degree theory, we prove that I (u) = . It is clear that I (u), u + = I (u), u -= . It follows from Lemma . that, for (s, t) ∈ R + × R + and (s, t) = (, ),
If I (u) = , then there exist r  , ρ >  such that
Let ε = min{(m -m)/, ρδ/} and S = B(u, δ). Then it follows from (.) that
By Lemmas . and ., for (s, t) ∈ D, we know
We will prove that η(, ϕ(D)) ∩ M = ∅, which is a contradiction with (.). Therefore, I (u) = , that is, u is a sign-changing solution for equation (.). In fact, on D we also define ψ(s, t) = η(, ϕ(s, t)) and
By direct calculation, we have
By (.), we get 
∂Q(s, t) ∂t
we have
This implies that
Thus we have
Now, we are in a situation to prove Theorem .. We first claim that equation (.) has one least energy sign-changing solution. Proof of Theorem . () We first of all claim that, for any sequence
implies that there exists a pair (μ  , μ  ) of positive numbers, which does not depend on c, d, such that
In view of Lemmas . and ., for any c, d
Thus, for any c, d ∈ [, ], combining (.) and (.), we have
where C  does not depend on c, d. It follows from (.) that, for n large enough,
where
There exists a subsequence of {(c n , d n )}, still denoted by {(c n , d n )}, such that u n u  in W . Now we will prove that u  is a sign-changing solution of (.). Indeed, by (.), the Hölder inequality and the compactness of the embedding W → L s (R N ) for s = q, r, we get
We have
where we have used the inequality (|ξ
and s ≥  (see [] ). By (.) and (.), it follows that, passing to the limit on n → ∞, 
We first claim that (s n , t n ) is bounded. Otherwise, we may assume there is a subsequence such that s n ≥ t n , s n → ∞. Thus, by (.) and Lemma .(ii), we get  = ∞. This is a contradiction. Therefore, there are s  , t  ≥  and a subsequence (s n , t n ) such that (s n , t n ) → (s  , t  ). Thus we have l = . Then (.) implies that I (v) = . Therefore, v is a ground state solution of (.).
(ii) From Theorem ., we know that equation (.) has a least energy sign-changing solution u. Let u = u + + u -with u ± = . Then, combining I (u ± ), u ± < I (u), u ± =  and That is, m > m. This implies thatm cannot be obtained by a sign-changing solution. This completes the proof.
